The discussions on the connection between gravity and thermodynamics attract much attention recently. We consider a static self-gravitating perfect fluid system in f (R) gravity, which is an important theory could explain the accelerated expansion of the universe. We first show that the Tolman-Oppenheimer-Volkoff equation of f (R) theories can be obtained by thermodynamical method in spherical symmetric spacetime. Then we prove that the maximum entropy principle is also valid for f (R) gravity in general static spacetimes beyond spherical symmetry. The result shows that if the constraint equation is satisfied and the temperature of fluid obeys Tolmans law, the extrema of total entropy implies other components of gravitational equations. Conversely, if f (R) gravitational equation hold, the total entropy of the fluid should be extremum. Our work suggests a general and solid connection between f (R) gravity and thermodynamics.
Introduction
Black holes are mysterious and important objects which have been studied for a long time. The mathematical analogy between laws of black hole mechanics and the ordinary laws of thermodynamics leads to the discovery of black hole thermodynamics [1] . Hawking proved that the black hole behaves like a black body with a temperature which is proportional to its surface gravity, and one quarter of the horizon area is the entropy of the black hole [2, 3] . Since then, black hole thermodynamics has been widely studied, and people believe that it could help us to catch sight of some important fundamental theories.
It is generally believed that the gravity equation is the basic equation of nature. However, Jacobson put forward a new point of view that the Einstein equation is an equation of state [4] . Over the years this point has been accepted by more and more people. R. Cai proved that applying the first law of thermodynamics to the apparent horizon of a Friedmann-Robertson-Walker universe, one could derive the Friedmann equations describing the dynamics of the universe [5] . And Verlinde considered gravity could be explained as an entropic force [6] . Bravetti presented an example of spacetimes effectively emerging from the thermodynamic limit over an unspecified microscopic theory without any further assumptions [7] . All these discussion showed that the gravity equation may not be the basic assumption but the thermodynamics relation is.
In fact, before the establish of black hole thermodynamics, Cocke [8] proposed maximum entropy principle for self-gravitating fluid. In contrast to black hole, the local thermodynamic quantities of self-gravitating fluid, such as entropy density s, energy density ρ and local temperature T , are well defined. The presence of gravity only affects the distribution of these local quantities. Roughly speaking, there are two different ways to approach the distribution of the self-gravitating fluid system. One way is called the dynamical method, and the other way is called the thermodynamical method. In dynamical method, using Einstein's equation and applying conservation of matter, people could obtain the distribution of the fluid. But in thermodynamical method, using only constrain Einstein equation and the ordinary thermodynamical relation, then the fluid could be configured such that its total entropy attains a maximum value. For a spherical radiation system, Sorkin, Wald and Zhang [9] showed that if the total entropy be an extremum and the Einstein constraint equation holds, then the Tolman-Oppenheimer-Volkoff (TOV) equation of hydrostatic equilibrium can be derived. Gao [10] generalized SWZ's work to arbitrary perfect fluid in static spherical spacetime and got the TOV equation for this fluid. This issue has been further explored in the past years [11] [12] [13] [14] . Recently, series of general proofs of the maximum entropy principle in the case of static spacetime without the spherical symmetry has been completed, included Einstein-Maxwell theory and Lovelock theory [15] [16] [17] [18] .
However, whether the principle is valid for f (R) gravity is not clear. f (R) gravity is a natural generalization of Einstein gravity. The motivation of modifying generalization of GR comes from high-energy physics for adding higher order invariants to the gravitational action, as well as comes from cosmology and astrophysics for seeking generalizations of GR. As an important modified theories, f (R) theories can explain the accelerated expansion of the universe because it contains the αR 2 terms [19] . f (R) gravity comes about by a straightforward generalization of the Lagrangian in the Einstein action to become a general function of Ricci scalar R, i.e.,
where f as a series expansion of R
There are two advantages in f (R) gravity [20, 21] . First, f (R) actions are simple enough to be deal with, but sufficiently general to encapsulate some of the basic characteristics of higher-order gravity. Second, there are some reasons to believe that f (R) gravity is unique among higher-order gravity theories which can avoid Ostrogradski instability. Thus it is interesting to discuss the maximum entropy principle in this generalized gravity theories. In Sec. II, we discuss the maximum entropy in spherical static spacetime. TOV equation constrains the structure of a spherically symmetric body of isotropic material which is in static gravitational equilibrium. We first briefly review how to obtain the modified TOV equation of f (R) gravity by traditional dynamical method. And then in addition to the constraint equation, we only make use of the ordinary thermodynamical relations to derive the same TOV equation in f (R) gravity. These two different methods obtained the same results shows that the maximum entropy in spherical static spacetime in f (R) theories is valid.
In Sec. III, with the help of Tolman's law, which was also used in [13, 15, 18] , we extend the entropy principle to general static spacetimes without spherical symmetry condition. It should be noticed that, the total entropy S appears to depend on δh ab and δR (See Appendix A). Fixing the induced metric h ab and scalar curvature R and their first derivatives on the boundary, in order to allow us to use integration by parts and drop the boundary terms. And it also shows that the components of δR vanishes automatically. So the vanishing of the components of δh ab just gives the spatial components of gravitational equation of f (R) theories. The derivation of this section shows that the maximum entropy is also valid in f (R) theories without spherical symmetry.
Throughout our discussion, symbol a, b, c represent the abstract index notation, ∇ a and D a are the covariant derivative associated with the metric of spacetime and the covariant derivative associated with the induced metric h ab , respectively, and ≡ ∇ a ∇ a .
TOV equations obtained by two different methods

Classical dynamical method
As for the issue of the distribution of fluid, dynamical method is a classical one, and is widely used. First we briefly review how to get TOV equation in f (R) gravity by dynamical method [22] . In 4-dimensional spacetime the action of the f(R) gravity can be expressed as
where κ ≡ 8π, and S M is the action term of perfect fluid matter. Variation with respect to the metric gives
where
and f R (R) ≡ ∂f /∂R.
For a static perfect fluid system with spherical symmetries in the f(R) gravity, the line element of the spacetime can be written as
The energy-momentum tensor of the perfect fluid is
where ρ is the matter density and p is the pressure, and in our chosen coordinate we have u a = −e φ(r) (dt) a . The components of the field equations become
To get the TOV equation, we consider Bianchi identity, which leads to energymomentum conservation equation ∇ a T a b = 0. The radial component of the conservation equation gives
If we assume
Then the modified TOV equations take the following convenient form
Notice that if the Lagrangian degenerate to Einstein theory, i.e. f (R) = R, Eq. (2.10) will reduce to the well-known TOV equation in Ref. [23] .
Thermodynamical method
In previous subsection, we have shown how to get the TOV equation in f (R) gravity by using dynamical method. Generally, to get the TOV equation, one has to use radial-radial component (Eq. (2.7)) of the gravitational equation. Now, we shall derive TOV equation in f (R) gravity by using thermodynamical method. We only use conservation equation (Eq. (2.6)) and the extrema of total entropy, admits the condition of the variation of total particle number vanish in static spacetime, to derive TOV equation of f (R) gravity. It implies that the maximum entropy principle contains part of information of gravitational equations in f (R) gravity. The perfect fluid system satisfies the familiar first law
where S, E, N represent the total entropy, energy, and particle number within the volume V . Their density variables are denoted by s, ρ and n, respectively. Applying Eq. (2.11) to a unit volume, it is easy to find 12) and the integrated form which be called the Gibbs-Duhem relation
Now we apply the maximum entropy principle to this self-gravitating perfect fluid in f (R) gravity. In spherical symmetry case, the total entropy and the total particle number from r = 0 to r = r 0 can be written as [10] S = 4π
14)
The variation of total particle number vanishes, which means δN = 0, is a desired condition in maximum entropy principle. Following the standard method of Lagrange multipliers, the equation of variation becomes
Define the "total Lagrangian" by 
and 
The constraint Eq. (2.21) yield
Considering the fundamental thermodynamic relation dp = sdT + ndµ , (2.26) it follows that
Thus we obtain the equation
By substituting Eq. (2.6) into Eq. (2.28), finally we get
This TOV equation in f (R) gravity is exactly the same as Eq. (2.10).
It is necessary to point out that we only use the maximum entropy principle and the time-time component gravitational equation. No other assumptions are needed. Which tells us that in spherical symmetry case, the extrema of entropy contain part of information of gravitational equation. And this is a direct evidence for the fundamental relationship between gravitation and thermodynamics.
Maximum entropy principle for general static spacetime in f (R) gravity
In previous sections, we got TOV equation by using dynamical and thermodynamic methods, respectively. But all these discussions based on static spherical symmetry condition. What we want to know is that whether the maximum entropy principle is valid for general static spacetime in f (R) gravity. Consider a general static spacetime (M, g ab ) and Σ as a three dimensional hypersurface denoting a moment of the static observers. Let C be a region on Σ with a boundaryC and h ab be the induced metric on Σ, and R be the scalar curvature of spacetime, respectively. We assume that the Tolman's law holds in C, like [15] , which means that the local temperature T of the fluid satisfies
where χ is the red-shift factor for static observers and T 0 is a constant which can be viewed as the red-shift temperature of the fluid. Without loss of generality, we take T 0 = 1 in Tolman's law. Assume that the constraint equation is satisfied in C.
We also need h ab , R and their first derivatives are fixed onC, which allow us to use integration by parts and drop the boundary term. Then, it can be proved that the other components of gravitational equation are implied by the extrema of the total fluid entropy for all variations of data in C. We consider a general perfect fluid as discussed in previous section. The induced metric on Σ is given by
The stress-energy tensor T ab takes the form of Eq. (2.5). And from conservation law ∇ a T ab = 0, we can show that
where A a is the four-acceleration of the observer. Since
where ξ a is the Killing vector. One can show that 5) and thus
Meanwhile, the local first law can also be expressed in the form dp = sdT + µdn . If we choose energy density ρ and particle number density n as two independent thermodynamical variables. Then in static spacetime, the total entropy S is an integral of the entropy density s over the region C on Σ,
where h is the determinant of h ab . Thus, the variation of the total entropy can be written as
Using the local first law of thermodynamics,
we find
Notice that µ/T is constant, which can be taken out of the integral. It is natural to require the total number of particles 13) to be invariant, which leads to
So we have
Using [24] 16) and denoting
we have
After some calculation, we get the exactly express of the term √ hδρ/T in Appendix A. By substituting Eq. (5.25) into Eq. (3.18), we have
So far, we only applied the constraint equation G 00 = T 00 . This shows explicitly that δS is determined only by the variation of h ab . Since δS = 0 in our assumption, it is clear shows that δL = 0. Together with Eq. (5.9) and Tolman's law Eq. (3.1), it is easily find 20) where P 1 denotes the terms parallel to h ab , 21) and P 2 denotes the other terms,
We show that P 
In the above proof, under the fixed boundary condition, we only used the constraint Eq. (5.9) to derive Eq. (3.19) . By applying the extrema of entropy δS = 0, we obtained the spatial components of gravitational equation. It is easy to check that the proof is reversible. From the spatial components of gravitational equation, one can show δL = 0 in Eq. (3.19).
Summary and discussions
The TOV equation is an important equation for self-gravitating system. In this paper, we first briefly review how to get modified TOV equation in f (R) gravity by dynamical method. By applying both time-time and radial-radial gravitational equations, and the radial component constraint equation, one can show that the general TOV equation in f (R) gravity is given by Eq. (2.10). Then, by applying the maximum entropy principle to a general self-gravitating fluid, we have obtained the same TOV equation of hydrostatic equilibrium by thermodynamical method. We should point out that, to derive the TOV equation by the extrema of the total entropy S, we only need the constraint equation and fix the total particle number of the system. Comparing with these two different processes, it tells us that the maximum entropy principle is valid in spherical symmetry case in f (R) theories.
We also prove that the maximum entropy principle of perfect fluid is valid to case without any symmetry on spacelike hypersurface. Arbitrary select a region, consider the fluid obeys Tolman's law and the constraint equation is satisfied in this region. Then fix the induced metric h ab and scalar tensor R and their first derivative on the boundary of selected region. Our calculation shows that δS appears to depend on δh ab and δR, and the component of δR always vanish. It shows that the variation of total entropy in this region is exactly linear to δh ab . The assumption of δS = 0 means the coefficient of δh ab vanish, which imply that the other components of gravitational equation satisfied.
Till now, the maximum entropy principle has been set up in series of theories. Although it is unclear whether this principle could be used for a general Lagrangian of gravity theories which needs further study, we consider that there may exist some deeper connection between gravity theories and thermodynamics.
Appendix
Appendix A: Detail calculation of δρ
In this Appendix, we will show the detailed calculation of δρ in Eq. (3.18). First, note that the extrinsic curvature of Σ, is defined bŷ
It is straightforward to showB
where A a is the four-acceleration of the observer . And in static spacetime we havê
so we get a very helpful formula in our calculation,
Then, we show [24] that the curvature R 
From this definition, it is easy to find
and
Meanwhile, from Eq. (5.6) we also have
From Eq. (2.5), one can easily get the Hamiltonian constraint of the theory,
Using Eq. (5.7), the variation of ρ is
where we denote f RR (R) ≡ ∂ 2 f ∂R 2 , and we use δf (R) = f R (R)δR. So δρ term in Eq. (3.18) becomes
Now, we deal with terms of δL ρ , respectively. Notice that the Tolman's law Eq. (3.1) is used in our calculation. The first term of Eq. (5.11) can be calculate as The third term of Eq. (5.11) can be calculate as 15) and the fourth term of Eq. (5.11) can be written as 
